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 OPERATOR MATHEMATICS III

 Jerome tIines

 9. The aims of this paper include the more general aims of the previous

 two of this series. Right and left hand power operators will be defined
 wh1ich can be identified with exponents in the case of linear operators.
 This leads us, in the case of linear operators, to extend our definitions
 of exponents. We will define right and left hand exponents which will

 have tlhe same meaning if, and only if, certain conditions 3f commuta-

 tivity are fulfilled. Several properties of the power operators are
 demonstrated as well as numerous examples. Interesting among thLese are

 the forrrmulae used in the classical a-pproach to operators but which
 previously lacked a solid foundation based upon a calculus of operators

 such as has been developed in the previous two pai)ers.

 10. The Power (,?eerator:

 The formula

 ab hLO [1 + b(ah l)] h

 may be easily verified. We extend the concept of the power operator to
 include right and left liand subscripts by

 10.1 BP A = hLO[ I + B(Ah_I)] l/h
 and

 10.2 P A - hLO [I + (Ah _ I)B] 1/h

 10.1 and 10.2 are distinctly different if B and A do not commute, other-

 wise they are equivalent. Note that the operators BP and PB only have

 meaning when ap,plied to an operator.

 Let us investigate PB * APC * A:
 Since

 AB A [I + (Ah-r)B] Lo [I + (A'-I)C]

 then, letting mn =h,

 Sh- .B I 1/h Ai/_T)C lh BP * APC * A = hLo [ I + (AhI)B] [I + (AhI)C]

 If A, B, and C are linear and commute with each other, then

 69
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 7 () MAThIEMATICS MAGAZINE (Nov. -Dec.

 S

 P .-cP A L {[I + (Ah-I)B] [I + (Ah _I)C]} l/h

 - L [ I + (Ah - I.) B + (Ah _ I.) C + (Ah - I) B (Ah -nI.)C hO0

 We can drop the last term on the right hand side since it is an infini-

 tesimal of higher order than the second term. Then

 BP .APc * A hLo [I. + (Ah -I)B+ (Ah-I)C]/h

 hL Q [I. + (Ah- )-(B+C)
 or

 S

 10.3 BP- APC A = PB+C * A

 for A, B, and C linear and mutually commutative. In the above case

 PB * A P BPA since A and B commute.
 We may further generalize the power operator by the definition:

 10.4 BPC = hLo [I + B(Ah_I)C]l

 where
 S S

 10.5 a) ipc - A = PC * A b) BPI . A = BP A

 S S
 10.6 a) PC * A =I b) BP 2- A =I

 Let us now investigate Ige s (BPc A) where A, B, and C are all linear
 Note that in the above, according to our conventions in the first paper
 of this series, we apply BPC to A, then we take the logarithm of this

 operator and finally apply the resulting operator to whatever operand

 is furnished. By

 7.2:

 1ge BPC :A = kLO k {hLo [I + B3(Ah -I)C] l/h

 kLo -ak {hLOh(I + B(Ah I)C]k/h}

 S k k k -1 [B(Ah I)C] 1

 kokh ~hh h 2! + J

 provided the binomial expansion of this term when applied to the oper-
 and is convergent. Then

 1ge BPCQ A = kL 8k . + k B lge * AC + Bge A 2 ]
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 1955) OPERATOR MATHEMATICS III 71

 lg PC A L [Blg *AC +k(Blg* AC) + e BC khO e

 and
 s

 10.7 lge * BPC :A = B lge *A C

 for A, B, and C linear.

 11. Exponents and Exponential Forms:

 In the first paper of this series we defined an additive index law for
 all operators so that the exponent of an operator would indicate the

 number of applications of the operator when the exponent was an integer,
 i.e.

 EP Eq - EP+q

 so that
 S n

 EEE... E = E

 n times

 From the definition of the power operator we can set

 S B
 11.1 SBB A = A
 and

 11.2 BP A = A

 if, and only if, A and B comnmute. If B is a constant multiplier, b, then

 bA = Ab

 and the additive index law holds because the conditions of 10.3 are
 fulfilled. Thus we may utilize 11.1 and 11.2 without contradicting the
 additive index law if A and B are linear. If they are not linear then
 11.1 and 11.2 usually do not hold. If we wished to define our system
 such that 11.1 and 11.2 held for all operators then we would have to
 abandon the additive index law for most non-linear operators. In this

 treatise we shall retain the additive index law and treat PB A and AB
 as different entities in the case of non-linear operators. In fact we
 have no definition as yet for AB if A is non-linear and B is not a con-
 s tant.

 'rhat the additive index law will be used does not imply that

 ABAC AB+C

 In fact this equation is only true if A, B, and C all commute (A is
 linear).
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 7 2 MATHEMATICS MAGAZINE (Nov. -Dec.

 12. Applications of Operator Fxponents:

 We shall derive thie equation

 a S aD
 x

 commonly used in Theory of Differences* but which has been regarded as
 a mere formal statement of analogy to function theory since it has lack-
 ed the background developed in this series of papers. Since

 ea L [1 + (eh _1)aD]1/
 h 0 L

 S 1(h (eh 1)2a2D)2
 hLo[ 1 + -(eh -lD + -1)
 hLO ~ h h h 2!

 or

 12.1 e a Da_ D

 j=0 i

 by a binomial expansion as used in proving 11.10. Furthermore

 a S a a

 a x a x x a

 by the definition of the derivative of a linear operator, where "a" is
 the independent variable, x held constant. Then

 'a *af(x) -a :f(x) a -a ff(x)
 Plu t

 x f(x) f(x+ a)
 and

 - f(x) O
 whence

 Ba *x f(X) -af(x + a) -f'(x+a) af'(x) a D f(x)
 or

 aSa
 12.2 3 8 D)

 a X x x

 Then 2 a * a s a
 The x = aa*( D8 ) a= a * a D

 since S *2 aS a 2
 -a f2 and -a.
 a x a x

 Similarly

 n a S a n
 12.3 .a D

 *See: Boole, Theory of Finite Differences; Stecher Reprint, 1926, pg. 18.
 S a a

 'Si n ce 6 we will also denote 6 by 6 . a x 1 x ~a x

This content downloaded from 128.111.121.42 on Sat, 18 Jun 2016 08:55:10 UTC
All use subject to http://about.jstor.org/terms



 1955) OPERATOR MATHEMATICS III 73

 and D

 0 -a a sx -SX DX where n af(a) f(n)
 Bu t

 8xf(x) f(x+O) or 6x
 whence

 12.4 a * - D

 By section 4 of the first paper of this series it was shoNvn that an
 arbitrary operator having an infinite number of derivatives can be ex-
 pressed by

 ao (a-a) aDL * A S 0 a0

 i=O

 a

 Let A = SX, and ao = 0, then

 a S 0' a' D
 12.5 Xx

 We could have seen this easily by the Taylor expansion of f(x + a) but
 the above developement is quite instructive.

 Since the right hand side of 12.5 is the same as the right hand side
 of equation 12.1 we have proven that

 12.6 S eaD

 The more general case of eg(x) D is easily found:

 eg(x)Dxf(x) = e P(x) f(x) where P(x) gx

 If a unique inverse exists for P(x) then we may write

 and D Dp() g(x)D f(x - {p-x )x)
 (x)D (x) - e P) f(x) - eP(x)f{ p1 [P(x)] }

 Since D
 p(X) G [P(x)] e P(x)G [P(x)] G [P(x) + 1]

 Then

 12.7 eg(x)Df(X) f{ p-1 [P(x) + 1] }

 where dx

 P(x) - g(x)
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 1 4 NMATHIEMATICS MAGAZINE (Nov. -Dec.

 This formula can be found in the classical literature* and now has a
 rigorous foundation.

 12.7 has many interesting applications. For example:

 axD S zige aD

 whence
 1 dx lg esx

 P(x)-fe

 lge a x lge a

 P1 (x) - lge a

 and ~ ~ ~ ~ ~gI ge ax
 and i~~ ~~g a( le x 1 ge a (x

 P- [P(x) + 1] e lge e gl. ( ax

 whence

 12.8 aXDf(x) f(ax)

 If we define the multiplication operator, a4x. by

 akx f(x) - f(ax)
 then by 12.8,

 12.9 ax axD

 This formula is also well known** but has lacked a proper developmental
 background.

 If we define the negation operator, N by

 then by 12.9, 'v f(x) f(-x)
 S xD

 12.10 IVx (-I)

 Obviously 2S
 VI = I

 xD

 This can easily be verified by using (-1)xD
 Let us determine q(x) such that it will satisfy the equation

 eq(x)Dxf(x) = f(xr)
 Then, by 12.7

 eDP(x) f(x) = f { p-1 [ P(x) + 1] } f(xr)
 *C. Graves: A Generalization of the Symbolic Statement of Taylor' s

 Theorem. Proc. Royal Irish Academy, Vol. 5 (1850-1853), pp. 285-287.

 **A A AAA

 2nd Reference: The Theory of Linear Operators, by Harold T. Davis,

 pg. 13.
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 1955) OPERATOR MATHIEMATICS III 75

 or

 p-1 I P(x) + i1
 whence

 P(x + 1) -p(xr )

 But this equation is satisfied by

 1 2
 P(x) -gr 1g9, x - r lgm* x

 by 11.9. For convenience we shall choose m =e, i.e.

 1

 P(x) - lgeX
 But e

 q(x) =- 1
 Since

 1 21 1
 P'(x) Dlge x

 lge r lge *r x lge *x
 and

 1

 P'(x) - lge* rx lge *x
 then

 q(x)D S [xlg er] D S xlgex] D
 1~ ~~~~~ ) ee eee

 i.e.

 1 2. 11 XIg erD ftX ) -f ( xr )
 For r = e

 12.12 (xx) f(x) =

 For r = -1, where ig e* (-1) = nml, for n an integer, then

 1
 12.13 xn-ixDf(x) f(-)

 x

 If we define the invert operator, Inx, by

 1

 lnx f(x) f( )
 then X

 12.14 In xnlTixD
 x

 It is interesting to investigate an operator like DD
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 7 6 MATHEMATICS MAGAZINE (Nov.-Dec.

 D L [I + (Dh I)D]I
 h 0

 12.15 DD S D Di(lg * D)
 i=O

 using a binomial expansion and taking the limit.

 If we apply this to eax using 8.2 from the second paper of this
 series, i.e.,

 8.2 Ige . DeaX = eax lg .a

 then

 (D lge * D) eax= (lge *.aa) eax

 and DDeax eax lge *aa)
 i=0

 whence

 12.16 DD eax = aa eax

 By 8.3 of the second paper

 ige *D sin x - cos x (n any integer) 2

 and

 D ig D sin x -w sin x

 2 nr 2
 (DgD) jfX (-) sin x (D lg e sinx 2

 and

 (Dlge OD)i sin x - -) sin x
 2

 whence i7r i

 D (Dlge * D) sinx 2
 D sin x - sin x

 i=o i0= i!

 and
 nil

 12.17 D sinx e 2 sin x

 Similarly n7r

 D 2-
 12.18 D cosx -e 2 cosx

 iD iD
 Also D sin x -isin x and D Cos x LCosX.
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